Derivation
The voltage controller output (CO), which is the intended voltage at the H-bridge terminals a and b (see Figure 1 ) shall be defined as u ab CO (t) = U ab CO · √ 2 cos(ω 0 t + ϕ 0 ).
The mathematical represenation of the waveform of the voltage of single-phase voltagesource inverters using PWM with natural sampling and a triangular carrier is given in [1] in equation (4.6) on page 160 as
The equation (2) is derived by combining the spectra of two individual converter legs, each using half of the DC link voltage U dc (see Figure 1) . ω 0 is the AC network frequency and ω c is the carrier signal frequency, and J χ (x) are Bessel functions of the first kind of order χ.
The following changes to this representation are made:
• In this paper the full DC link voltage U DC is used.
• The network frequency will be represented as ω N .
• In [1] , the phase angles of the carrier and fundamental network voltage are neglected. These are reintroduced as ϕ c and ϕ N . • For integer values of m and n the term cos ([m + n − 1] π) results in values of one with alternating signs. It is replaced by its equal term
The resulting representation of the voltage at the H-bridge is
This can be split into the intended fundamental component u ab CO (t) and the parasitic supraharmonic distortion (SHD) components u ab SHD (t).
The equation (10) shows that the supraharmonic spectrum consists of an infinite number of emission bands of order m, each composed of an infinite number of spectral components of order n. For the desired changes in the equation, only the second sum of the supharmarmonic distortion component Ψ(m, t) needs to be considered.
To shorten the representation, the variables α and β are introduced.
The equation (12) is simplified and the sum is split at n ≥ 1.
The sum for negative values of n in equation (15) is converted, so its index will use the identical values as that for the sum of the positive values using the transformation
For integer values of the order χ, Bessel functions of the first kind J χ (x) with negative orders can be converted to positive orders using the relationship
As all orders of the Bessel functions in the second sum in equation (18) χ = −2 n + 1 are odd, this results in
For any values of the integer µ, the relationship
is valid, so the term (−1) m+(−n +1)−1 can be transformed to
Therefore, the equation for Ψ(m, t) can be changed to the following form
where the two (−1) cancel out. Due to the applied substitutions, the sums can now be combined again into a single sum.
With the trigonometric identity
the two cosine terms can be rearranged to
Then the equation (27) is interted into (24).
By inserting equation (28) into (11), as well as reversing the substitution of α and β, the new representation of the supraharmonic distortion component u ab SHD (t) is found.
The equation (29) consists of five main components, which are interpreted as follows:
(I) Scaling factor: It is dependent of the DC link voltage only.
(II) Emission band scaling: The magnitude of each emission band decreases with increasing order.
(III) Emission band modulation: The emission band of order m has the frequency 2 m ω c and the phase 2 m ϕ c . This modulation is neutral regarding the RMS value of the emission band.
(IV) Emission band harmonic scaling: Each emission band is formed by an infinite number of harmonics, which are each a combination of a pair of spectral components from equation (6). This section scales the magnitude of each such harmonic.
(V) Emission band harmonic modulation: This section performs the modulation of each emission band harmonic. It contains only odd harmonics of orders ν = [2 k − 1]. The frequency and phase of each harmonic are ν · ω N and ν · ϕ N . This modulation is neutral regarding the RMS value of the emission band harmonic.
Conclusions and Interpretations
Pseudo-phasor
The amplitude-modulated, rotating pseudo-phasorũ Bm ab (t) for the emission band of order m is the analytical signal u Bm
RMS value
The RMS voltage of the m th emission band at the H-bridge terminals U Bm ab is the product of the RMS voltages of the sections (I) and (II), and the RMS value of the sum of section (IV).
RMS phasor
Therefore, the rotating RMS phasor for the emission band of order m is
Harmonics of the amplitude modulation
The waveform of each emission band contains an infinite number of harmonics of order ν = 2 k − 1. The waveform of each harmonic u 
The envelope of each harmonic u (ν) ab SHD of order ν = 2 k − 1 of the m th emission band can be calculated by taking the absolute value of each component of the amplitude modulation of the rotating pseudo-phasor. This is equivalent to removing the modulation with the emission band frequency cos(2 m [ω c · t + ϕ c ]) from equation (34).
In Figure 2 the waveforms and envelopes for the first three harmonics (k = 1 . . . 3) and the sum of the first five harmonics of the first emission band m = 1 are shown for an examplary case. 
